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. Over 25 years ago, in Sharpe [1966], | introduced a measure for the performance of mutual funds and
proposed the term reward-to-variability ratio to describe it (the measure is also described in Sharpe
[1975] ). While the measure has gained considerable popularity, the name has not. Other authors have
termed the original version the Sharpe Index (Radcliff [1990, p. 286] and Haugen [1993, p. 315]), the
Sharpe Measure (Bodie, Kane and Marcus [1993, p. 804], Elton and Gruber [1991, p. 652], and Rellly
[1989, p.803]), or the Sharpe Ratio (Morningstar [1993, p. 24]). Generalized versions have also
appeared under various names (see. for example, BARRA [1992, p. 21] and Capaul, Rowley and Sharpe
[1993, p. 33)).

Bowing to increasingly common usage, this article refers to both the original measure and more
generalized versions as the Sharpe Ratio. My goal hereisto go well beyond the discussion of the
original measure in Sharpe [1966] and Sharpe [1975], providing more generality and covering a broader

range of applications.

THE RATIO

Most performance measures are computed using historic data but justified on the basis of predicted
relationships. Practical implementations use ex post results while theoretical discussions focus on ex
ante values. Implicitly or explicitly, it is assumed that historic results have at |east some predictive
ability.

For some applications, it suffices for future values of a measure to be related monotonically to past
values -- that is, if fund X had a higher historic measure than fund Y, it is assumed that it will have a
higher future measure. For other applications the relationship must be proportional - - that is, it is
assumed that the future measure will equal some constant (typically less than 1.0) times the historic
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The Sharpe Ratio

measure.

To avoid ambiguity, we define here both ex ante and ex post versions of the Sharpe Ratio, beginning
with the former. With the exception of this section, however, we focus on the use of the ratio for making
decisions, and hence are concerned with the ex ante version. The important issues associated with the
relationships (if any) between historic Sharpe Ratios and unbiased forecasts of the ratio are left for other
expositions.

Throughout, we build on Markowitz' mean-variance paradigm, which assumes that the mean and
standard deviation of the distribution of one-period return are sufficient statistics for evaluating the
prospects of an investment portfolio. Clearly, comparisons based on the first two moments of a
distribution do not take into account possible differences among portfolios in other moments or in
distributions of outcomes across states of nature that may be associated with different levels of investor
utility.

When such considerations are especially important, return mean and variance may not suffice, requiring
the use of additional or substitute measures. Such situations are, however, beyond the scope of this
article. Our goal is simply to examine the situations in which two measures (mean and variance) can
usefully be summarized with one (the Sharpe Ratio).

The Ex Ante Sharpe Ratio

Let R represent the return on fund F in the forthcoming period and Rg the return on a benchmark

portfolio or security. In the equations, the tildes over the variables indicate that the exact values may not
be known in advance. Define d, the differential return, as:

(1) d=R.-E,

Let d-bar be the expected value of d and sigmay be the predicted standard deviation of d. The ex ante
Sharpe Ratio (S) is:

d
&4

(2) &=

In this version, the ratio indicates the expected differential return per unit of risk associated with the
differentia return.
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The Ex Post Sharpe Ratio

Let Ry be the return on the fund in period t, Rg; the return on the benchmark portfolio or security in
period t, and Dy the differential return in period t:

(3) D, =Rg,—Rg,

Let D-bar be the average value of D; over the historic period from t=1 through T:

i,
L
1

1

(4) D=

1
TI

and sigmap, be the standard deviation over the period <:

The ex post, or historic Sharpe Ratio (S,) is:

(6) 5, =—-
°p

In this version, the ratio indicates the historic average differential return per unit of historic variability of
the differential return.

It isasimple matter to compute an ex post Sharpe Ratio using a spreadsheet program. The returnson a
fund are listed in one column and those of the desired benchmark in the next column. The differences
are computed in athird column. Standard functions are then utilized to compute the components of the
ratio. For example, if the differential returnswerein cells C1 through C60, aformulawould provide the
Sharpe Ratio using Microsoft's Excel spreadsheet program:
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AVERAGE(C1:C60)/STDEV/(C1:C60)

The historic Sharpe Ratio is closely related to the t-statistic for measuring the statistical significance of
the mean differential return. The t-statistic will equal the Sharpe Ratio times the square root of T (the
number of returns used for the calculation). If historic Sharpe Ratios for a set of funds are computed
using the same number of observations, the Sharpe Ratios will thus be proportional to the t-statistics of
the means.

Time Dependence

The Sharpe Ratio is not independent of the time period over which it is measured. Thisistrue for both
ex ante and ex post measures.

Consider the simplest possible case. The one-period mean and standard deviation of the differential
return are, respectively, d-bar,; and sigmay;. Assume that the differential return over T periodsis

measured by simply summing the one-period differential returns and that the latter have zero serial
correlation. Denote the mean and standard deviation of the resulting T-period return, respectively, d-bart

and sigmayt. Under the assumed conditions:

(7) dp=Td,

2 2
(8) o5 =To
ﬂ'?T f:]'?1

and:

(9) o, =T
dT ':fl

Letting S; and Sy denote the Sharpe Ratios for 1 and T periods, respectively, it follows that:

(10) S,=4T 5,
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In practice, the situation is likely to be more complex. Multiperiod returns are usually computed taking
compounding into account, which makes the relationship more complicated. Moreover, underlying
differentia returns may be serially correlated. Even if the underlying process does not involve serial
correlation, a specific ex post sample may.

It is common practice to "annualize" data that apply to periods other than one year, using equations (7)
and (8). Doing so before computing a Sharpe Ratio can provide at |east reasonably meaningful
comparisons among strategies, even if predictions are initially stated in terms of different measurement
periods.

To maximize information content, it is usually desirable to measure risks and returns using fairly short (e.
g. monthly) periods. For purposes of standardization it is then desirable to annualize the results.

To provide perspective, consider investment in a broad stock market index, financed by borrowing.
Typical estimates of the annual excess return on the stock market in a developed country might include a
mean of 6% per year and a standard deviation of 15%. The resulting excess return Sharpe Ratio of "the
stock market", stated in annual terms would then be 0.40.

Correlations

The ex ante Sharpe Ratio takes into account both the expected differential return and the associated risk,
while the ex post version takes into account both the average differential return and the associated
variability. Neither incorporates information about the correlation of afund or strategy with other assets,
liabilities, or previous realizations of its own return. For this reason, the ratio may need to be
supplemented in certain applications. Such considerations are discussed in later sections.

Related Measures

The literature surrounding the Sharpe Ratio has, unfortunately, led to a certain amount of confusion. To
provide clarification, two related measures are described here. The first uses a different term to cover
cases that include the construct that we call the Sharpe Ratio. The second uses the same term to describe
adifferent but related construct.

Whether measured ex ante or ex post, it is essential that the Sharpe Ratio be computed using the mean
and standard deviation of a differential return (or, more broadly, the return on what will be termed a
zero investment strategy). Otherwise it losesitsraison d'etre. Clearly, the Sharpe Ratio can be
considered a special case of the more general construct of the ratio of the mean of any distribution to its
standard deviation.

In the investment arena, a number of authors associated with BARRA (amajor supplier of analytic tools
and databases) have used the term information ratio to describe such a general measure. In some
publications, theratio is defined to apply only to differential returns and is thus equivalent to the
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measure that we call the Sharpe Ratio (see, for example, Rudd and Clasing [1982, p. 513] and Grinold
[1989, p. 31]). In others, it is also encompasses the ratio of the mean to the standard deviation of the
distribution of the return on a single investment, such as afund or a benchmark (see, for example,
BARRA [1993, p. 22]). While such a"return information ratio” may be useful as a descriptive statistic,
it lacks a number of the key properties of what might be termed a "differential return information ratio”
and may in some instances lead to wrong decisions.

For example, consider the choice of a strategy involving cash and one of two funds, X and Y. X has an
expected return of 5% and a standard deviation of 10%. Y has an expected return of 8% and a standard
deviation of 20%. Therisklessrate of interest is 3%. According to the ratio of expected return to
standard deviation, X (5/10, or 0.50) is superior to Y (8/20, or 0.40). According to the Sharpe Ratios
using excess return, X (2/10, or 0.20) isinferior to Y (5/20, or 0.25).

Now, consider an investor who wishes to attain a standard deviation of 10%. This can be achieved with
fund X, which will provide an expected return of 5.0%. It can aso be achieved with an investment of
50% of theinvestor'sfundsin Y and 50% in the riskless asset. The latter will provide an expected return
of 5.5% -- clearly the superior aternative.

Thus the Sharpe Ratio provides the correct answer (astrategy using Y is preferred to one using X), while
the "return information ratio" provides the wrong one.

In their seminal work, Treynor and Black [1973], defined the term " Sharpe Ratio" as the square of the
measure that we describe. Others, such as Rudd and Clasing [1982, p. 518] and Grinold [1989, p. 31],
also use such a definition.

While interesting in certain contexts, this construct has the curious property that al values are positive --
even those for which the mean differential return is negative. It thus obscures important information
concerning performance. We prefer to follow more common practice and thus refer to the Treynor-Black

measure as the Sharpe Ratio squared (SR?). 2;
We focus here on the Sharpe Ratio, which takes into account both risk and return without reference to a

market index. [ Sharpe 1966, 1975] discusses both the Sharpe Ratio and measures based on market
indices, such as Jensen's alpha and Treynor's average excess return to betaratio.

Scale Independence

Originally, the benchmark for the Sharpe Ratio was taken to be a riskless security. In such acase the
differential returnisequal to the excess return of the fund over a one-period riskless rate of interest.
Many of the descriptions of the ratio in Sharpe [1966, 1975] focus on this case .

More recent applications have utilized benchmark portfolios designed to have a set of "factor loadings"
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or an "investment style" similar to that of the fund being evaluated. In such cases the differential return
represents the difference between the return on the fund and the return that would have been obtained
from a"similar" passive aternative. The difference between the two returns may be termed an "active
return” or "selection return", depending on the underlying procedure utilized to select the benchmark.

Treynor and Black [1973] cover the case in which the benchmark portfolio is, in effect, a combination of
riskless securities and the "market portfolio". Rudd and Clasing [1982] describe the use of benchmarks
based on factor loadings from a multifactor model. Sharpe [1992] uses a procedure termed style analysis

to select amix of asset classindex funds that have a"style" similar to that of the fund. When such a mix
Is used as a benchmark, the differential return istermed the fund's selection return. The Sharpe Ratio of
the selection return can then serve as a measure of the fund's performance over and above that dueto its

investment style. 3

Central to the usefulness of the Sharpe Ratio isthe fact that a differential return represents the result of a
zero-investment strategy. This can be defined as any strategy that involves a zero outlay of money in the
present and returns either a positive, negative or zero amount in the future, depending on circumstances.
A differential return clearly falsin this class, since it can be obtained by taking along position in one
asset (the fund) and a short position in another (the benchmark), with the funds from the latter used to
finance the purchase of the former.

In the original applications of the ratio, where the benchmark is taken to be a one- period riskless asset,
the differential return represents the payoff from a unit investment in the fund, financed by borrowing. 4:
More generally, the differential return corresponds to the payoff obtained from a unit investment in the
fund, financed by a short position in the benchmark. For example, afund's selection return can be
considered to be the payoff from a unit investment in the fund, financed by short positionsin amix of
asset class index funds with the same style.

A differential return can be obtained explicitly by entering into an agreement in which a party and a
counterparty agree to swap the return on the benchmark for the return on the fund and vice-versa. A
forward contract provides asimilar result. Arbitrage will insure that the return on such a contract will be
very close to the excess return on the underlying asset for the period ending on the delivery date. : A
similar relationship holds approximately for traded contracts such as stock index futures, which clearly
represent zero-investment strategies. 6:

To compute the return for a zero-investment strategy the payoff is divided by a notional value. For
example, the dollar payoff for a swap is often set to equal the difference between the dollar return on an
investment of $X in one asset and that on an investment of $X in another. The net difference can then be
expressed as a proportion of $X, which serves as the notional value. Returns on futures positions are
often computed in asimilar manner, using the initial value of the underlying asset as a base. In effect,
the same approach is utilized when the difference between two returns is computed.

Since there is zero net investment in any such strategy, the percent return can be made as large or small

http://www.stanford.edu/~wfsharpe/art/sr/sr.htm (7 of 19)6/23/2005 2:30:07 PM


http://www.stanford.edu/~wfsharpe/art/sr/SR.htm#Treynor
http://www.stanford.edu/~wfsharpe/art/sr/SR.htm#Rudd
http://www.stanford.edu/~wfsharpe/art/sr/SR.htm#Sharpe92
http://www.stanford.edu/~wfsharpe/art/sr/SR.htm#fn3
http://www.stanford.edu/~wfsharpe/art/sr/SR.htm#fn4
http://www.stanford.edu/~wfsharpe/art/sr/SR.htm#fn5
http://www.stanford.edu/~wfsharpe/art/sr/SR.htm#fn6

The Sharpe Ratio

as desired by simply changing the notional value used in such a computation. The scale of the return
thus depends on the more- or-less arbitrary choice of the notional value utilized for its computation. Z:

Changes in the notional value clearly affect the mean and the standard deviation of the distribution of
return, but the changes are of the same magnitude, leaving the Sharpe Ratio unaffected. Theratio isthus
scale independent. &:

The Influence of a Zero Investment Strategy on Asset Risk and Return

Scal e independence is more than a mathematical artifact. It is key to understanding why the Sharpe
Ratio can provide an efficient summary statistic for a zero- investment strategy. To show this, we
consider the case of an investor with a pre-existing portfolio who is considering the choice of a zero
investment strategy to augment current investments.

The Relative Position in a Zero Investment Strategy

Assume that the investor has $A in assets and has placed this money in an investment portfolio with a
return of R,. Sheis considering investment in a zero-investment strategy that will provide areturn of d

per unit of notional value. Denote the notional value chosen asV (e.g. investment of V in afund
financed by a short position of V in a benchmark). Define the relative position, p, asthe ratio of the
notional value to the investor's assets:

(11) p=

e |

The end-of -period payoff will be:
(12) A(1+E;)+Apd
Let R, denote the total return on the investor'sinitial assets. Then:

(13) R, =R, +pd

If R-bar, denotes the expected return on assets and R- bar, the expected return on the investment:
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(14) R, =R +pd

Now, let sigma,, Sigma; and sigmay denote the standard deviations of the returns on assets, the
investment and the zero-investment strategy, respectively, and rho,4 the correlation between the return
on the investment and the return on the zero-investment strategy. Then:

(13) Eﬁ=5%+2gfdcrfpcr{f+(pcrd)2

or, rewriting slightly:
(16) o2=c2+20,pm(pc I+ {po ;)*
AT Pplpeg)mire

The Risk Position in a Zero Investment Strategy

The parenthesized expression (p sigmay) is of particular interest. It indicates the risk of the position in
the zero-investment strategy relative to the investor's overall assets. Let k denote thisrisk position

(17) k=po;

For many purposesit is desirable to consider k as the relevant decision variable. Doing so states the

magnitude of a zero-investment strategy in terms of itsrisk relative to the investor's overall assets. In
effect, onefirst determinesk, the level of risk of the zero- investment strategy. Having answered this
fundamental question, the relative (p) and absolute (V) amounts of notional value for the strategy can

readily be determined, using equations (17) and (11). &:
Asset Risk and Expected Return

It is straightforward to determine the manner in which asset risk and expected return are related to the
risk position of the zero investment strategy, its correlation with the investment, and its Sharpe Ratio.

Substituting k in equation (16) gives the relationship between 1) asset risk and 2) the risk position and
the correlation of the strategy with the investment:
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(18) .—:ri =cr% +2 JI;JHECH:E

To see the relationship between asset expected return and the characteristics of the zero investment
strategy, note that the Sharpe Ratio is the ratio of d-bar to sigmay. It follows that

(19) d=So

Substituting equation (19) in equation (14) gives.

(20) R =R +pSo

or:

(21) R =R +ks

which shows that the expected return on assets is related directly to the product of the risk position times
the Sharpe Ratio of the strategy.

By selecting an appropriate scale, any zero investment strategy can be used to achieve adesired level (k)
of relativerisk. Thislevel, plus the strategy's Sharpe Ratio, will determine asset expected return, as
shown by equation (21). Asset risk, however, will depend on both the relative risk (k) and the correlation
of the strategy with the other investment (rho,q4 ). In general, the Sharpe Ratio, which does not take that

correlation into account, will not by itself provide sufficient information to determine a set of decisions
that will produce an optimal combination of asset risk and return, given an investor's tolerance of risk.

Adding a Zero-Investment Strategy to an Existing Portfolio

Fortunately, there are important special cases in which the Sharpe Ratio will provide sufficient
information for decisions on the optimal risk/return combination: one in which the pre-existing portfolio
IS riskless, the other in which it is risky.

Adding a Strategy to a Riskless Portfolio

Suppose first that an investor plans to allocate money between ariskless asset and a single risky fund (e.
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g. a"balanced" fund). Thisis, in effect, the case analyzed in Sharpe [1966,1975].

We assume that there is a pre-existing portfolio invested solely in ariskless security, to which isto be
added a zero investment strategy involving along position in afund, financed by a short positionin a
riskless asset (i.e., borrowing). Letting R, denote the return on such a " cash equivalent”, equations (1)

and (13) can be written as:

(22) d=E,-R

and

(23) B =R +pd

Since the investment is riskless, its standard deviation of return is zero, so both the first and second
terms on the right-hand side of equation (18) become zero, giving:

(24) o =k
Theinvestor'stotal risk will thus be equal to that of the position taken in the zero investment strategy,
which will in turn equal therisk of the position in the fund.

Letting S represent the Sharpe Ratio of fund F, equation (21) can be written:
(25) R, =R +kS,

It is clear from equations (24) and (25) that the investor should choose the desired level of risk (k), then
obtain that level of risk by using the fund (F) with the greatest excess return Sharpe Ratio. Correlation
does not play arole since the remaining holdings are riskless.

Thisisillustrated in the Exhibit. Points X and Y represent two (mutually exclusive) strategies. The
desired level of risk isgiven by k. It can be obtained with strategy X using arelative position of p,

(snown in the figure at point PxX) or with strategy Y using arelative position of py (shown in the figure
at point PyY). An appropriately-scaled version of strategy X clearly provides a higher mean return
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(shown at point MRXx) than an appropriately-scaled version of strategy Y (shown at point MRy).
Strategy X is hence to be preferred.

ExHIBIT
butually Exclusive Investments

Mean Return

Standard Deviation Ik

The Exhibit shows that the mean return associated with any desired risk position will be greater if
strategy X is adopted instead of strategy Y. But the slope of such alineisthe Sharpe Ratio. Hence, as
long as only the mean return and the risk position of the zero-investment strategy are relevant, the
optimal solution involves maximization of the Sharpe Ratio of the zero-investment strategy.

Consider, for example, a choice between fund XX, with arisk of 10% and an excess return Sharpe Ratio
of 0.20 and fund Y'Y with arisk of 20% and an excess return Sharpe Ratio of 0.25. Assume the investor
has $100 to invest and desires alevel of risk (here, k) equal to 15%.

The optimal strategy involves investment of $100 in the riskless asset plus a zero-investment strategy
based on fund YY. To make the risk of the latter equal to 15%, arelative position (p) of 0.75 should be
taken. This, in turn, requires an investment of $75 in the fund, financed by $75 of borrowing (i.e. a short
position in the riskless asset). The net position in the riskless asset will thus be $25 ($100 - $75), with
$75investedin Fund Y.

In this case the investor's tasks include the selection of the fund with the greatest Sharpe Ratio and the

allocation of wealth between this fund and borrowing or lending, as required to obtain the desired level
of asset risk.
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